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ANNOTATION OF MASTER THESIS 
Viknesh Arthanarieswaran Hemamalini, Damage Analysis of Low Cycle Multiaxial 
Fatigue Under Proportional and Non-Proportional Loading. Ostrava: VSB - Technical 
University of Ostrava, Faculty of Mechanical Engineering, Department of Applied Mechanics, 
2021,66p. Supervisor: Dr. Ing. Ludmila Adámková,  
                                                     ABSTRACT 
 This thesis deals with the study of determination fatigue life of aluminum alloy 
AA2124-T851 prediction of materials at multiaxial fatigue. The first part of the thesis 
introduces uniaxial fatigue going to multiaxial fatigue. The next part focuses on the elaboration 
of separate criteria of multiaxial fatigue mainly for low-cycle fatigue for the estimation of life 
prediction of testing materials. Because the testing specimens were controlled strained at non-
proportional low-cycle fatigue, these criteria were also selected in order to correspond with the 
given loading. The last part of this thesis is devoted to the evaluation of individual tests from 
different loading paths in the half of the life prediction of the component and following 
evaluation using specific criteria. 
















ANOTACE DIPLOMOVÉ PRÁCE 
Viknesh Arthanarieswaran Hemamamlini. Analýza poškození nízkocyklovou únavou 
při proporcionálním a neproporcionálním zatěžování. Diplomová práce (in English). Ostrava: 
Vysoká škola báňská – Technická univerzita Ostrava, Fakulta strojní, Katedra aplikované 
mechaniky, 2021,66p. Vedoucí práce: Dr. Ing. Ludmila Adámková 
                                                         ABSTRAKT 
Diplomová práce se zabývá stanovením životnosti hliníkové slitiny AA2124-T851 v 
případě víceosé napjatosti. V první části diplomové práce je vysvětlena všeobecná 
problematika únavy materiálu a to jednak při jednoosé napjatosti a dále při napjatosti víceosé. 
Další část se zabývá stanovením únavové životnosti v případě porušení nízkocyklovou únavou. 
Cílem práce je stanovení životnosti zkušebních vzorků, zatěžovaných deformačně, a to jednak 
pro případy proporcionálního a neproporcionálního zatěžování. Jsou zde vysvětleny jednotlivé 
přístupy. V poslední části práce je provedeno vyhodnocení jednotlivých kritérií únavové 
životnosti a jejich srovnání s experimenty. 
Klíčová slova: Multiaxiální únava, únavová životnost, napěťově-deformační vztahy, 
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LIST OF SYMBOLS 
           SYMBOL                      DESCRIPTION     UNIT 
                  b Fatigue strength exponent        [-] 
                  c Fatigue ductility coefficient        [-] 
                    Ḱ   Strength coefficient       [MPa] 
 ń Strain hardening exponent        [-] 
                 A Constant        [-] 
                 B Constant        [-] 
                 E   Young modulus      [MPa] 
                 G Shear modulus      [MPa] 
Nf Number of cycles to fracture        [-] 
2NT Transient number of cycles        [-] 
σa Stress amplitude     [MPa] 
σu Ultimate tensile stress        [MPa] 
σe Endurance limit     [MPa] 
                Ye Yield strength         [MPa] 
                 S Material constant                                                                             [-] 
                W Density of deformation energy in the 
critical plane    
     [Jm-3] 
                 α Angle of the critical plane       [rad] 
                   γa   Shear strain amplitude            [-] 
γf́ Shear fatigue ductility coefficient         [-] 
γxy Shear Strain in the xy plane             [-] 





               △γ max                  Maximum shear strain range        [-] 
           ɛae, ɛap, ɛac Total, elastic, plastic component amplitude                    
of normal strain          
       [-] 
ɛf́ Fatigue ductility coefficient        [-] 
               ɛx, ɛy Normal strain in the X, Y direction        [-] 
                 △ɛ1 Maximum principal of strain range        [-] 
                 △ɛn Range of normal strain at the critical 
plane 
       [-] 
                   ɛa Normal strain amplitude        [-] 
                  ν Poisson’s ratio          [-] 
σf́  Fatigue strength coefficient     [MPa] 
                σm Mean stress     [MPa] 
                σnm    Normal mean stress on the critical plane     [MPa] 
             σn,max Maximum normal stress        [MPa] 
               σx,y Normal stress in the X, Y direction       [MPa] 
               σmax Maximum stress     [MPa] 
               σmin Minimum stress     [MPa] 
               △σn Normal stress range       [MPa] 
                  τf́ Shear fatigue strength coefficient     [MPa] 
                  △τ                             Shear stress range         [MPa] 
                 △τ1 Shear stress range in the plane ɛ1max     [MPa] 
                △τmax Range of maximum shear stress       [MPa] 






This diploma thesis deals with the criteria of multiaxial fatigue of the material 
supplemented by the experiment of specimens with different load trajectories. The experiment 
was performed for low-cycles fatigue or it was controlled by proportional and non-proportional 
loading of specimens. But first, we will be acquainted with the issue of materials fatigue during 
uniaxial stress, then we move on to the multiaxial stress that occurs in any machine or structure. 
Subsequently, the analysis of the criteria will be multiaxial fatigue for low cycle fatigue.  These 
criteria contain mainly deformation members and for our experiment will be suitable. As there 
are countless of these criteria, individuals will be selected representatives of these criteria, 
which will be further subdivided according to the influencing parameter approach 
(deformation, energy). In this paper, an analysis of individual tests will be performed with the 
formation of the work was determination of fatigue life of some specimen for different loading 
cases and comparison with experiment by evaluating the data obtained from the experiment 
and assessing the results of the calculation of the selected one’s criteria with measured values. 
Although most engineering structures and components are designed such that the nominal 
stress remains elastic, stress concentrations often cause plastic strains to develop within the 
vicinity of notches. Cyclic plastic strains lead to a material failure by low cycle fatigue (parts 
have a limited life).  In the general case, the stress amplitude is variable and leads to variously 
great increments of plastic strain.  
Multiaxial fatigue analysis, real loads can induce combined bending, torsional, axial, and shear 
stresses, which may be generated bi or tri-axial variable stress/strain histories at the juncture 
(in general a notch root), causing the so-called multiaxial fatigue problems.  
This diploma thesis deals with the individual tests of shear strain-based multiaxial damage 










2. FATIGUE OF MATERIALS 
The machines and structure parts are often subjected to cyclic loading, which damages 
the microvolume of the material. With an increasing number of cycles, there’s an accumulation 
of damage and therefore the fracture occurs when the stress is less than the yield strength of 
the materials Ye. Damage and fracture due to the cyclic loading were described in 1839 by J.M. 
Poncelet fatigue of materials. Material fatigue is defined as the failure of a component subjected 
to cyclic loading. And also, fatigue is the most common cause of mechanical structure failure. 
It can be processed by until the materials finally fail under the repeated loading can be divided 
into three stages.[1][2] 
• After a large number of cycles, the damage to develops on a microscopic 
level, and until it grows a macroscopic crack is formed. 
• The macroscopic crack grows for every cycle until it reaches a critical length. 
• The cracked component breaks since it cannot withstand the height load. 
 
2.1 STRESS-BASED APPROACH 
         The stress-based approach load we encounter in the technical practice we can divide into 
two basic groups. It is, on the one hand, a deterministic loading, in which the magnitude of the 
stress can be determined according to exact relations, and on the other hand, a random loading. 
Deterministic loading can be periodic (usually harmonic) or non-periodic. In this chapter, we 
will deal only with the issue of cyclic periodic loading. In this case, we assume that the external 
forces and stresses usually change periodically from a certain minimum value (lower stress) to 
the maximum value (upper) stress. The course of the stress is usually represented by a sine 
function. The general course of the cyclic stress can be considered as a course caused by the 
superposition of the static component am and the stress amplitude σa. For such a case, the load 






Figure 1 Cyclic Loading [1] 
Mean stress σm and stress amplitude σa are given 
                                                            𝜎𝑚 =
𝜎𝑚𝑎𝑥+𝜎𝑚𝑖𝑛
2
                                                (2.1)  
                                                             𝜎𝑎 =
𝜎𝑚𝑎𝑥−𝜎𝑚𝑖𝑛
2
                                                (2.2) 
And stress range  ∆𝜎 is given 
                                                  ∆𝜎 = 𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛  = 2 𝜎𝑎                                                 (2.3) 
Also, the following quantities are defined: 
Stress ratio R 






                                                 (2.4) 
Hence 






(1 − 𝑅)                                                     (2.5) 
And  
                                               𝜎𝑚 =
𝜎𝑚𝑎𝑥
2






2.2 FATIGUE LIMIT OF SMOOTH BODIES (WÖHLER CURVES) 
By the effect of cyclic loading was first studied within the late 19th century by Augustus 
Wohler-studying problem of railway axle. About this characteristic, which was used by other 
research in the study of fatigue properties of the material, August Wohler he deserved his 
experimental investigation of the rail axle failures during cyclic loading. It had been necessary 
to explain why under cyclic loading materials breaches at stress less than the yield limit without 
causing the plastic deformations. During the test specimens are loaded with the stress amplitude 
and determines the number of cycles to failure. By using materials fatigue data are often given 
for the two types of load: fully reversed and repeated. Again, by using the test specimen shall 
be of an equivalent material, have an equivalent shape, and be well worked. Usually, it’s a test 
rods diameter the 7 ÷ 10mm with a polished surface.[4]   
 
Figure 2 Wohler Curve [4] 
                                           
The Wohler curve indicates the dependence of the stress amplitude on the number of cycles Nf 
to failure. The curve shows that as the number of cycles rises, the value of the stress amplitude 
falls to the fatigue limit of the material. According to the number of cycles, the curve is divided 
into an area of low cycles fatigue (hereinafter referred to as LCF), which is the most often 
observed in the range of Nf = 103-104 cycles and there is plastic deformation throughout the 
whole-body volume during microcracks and the area of high-cycles fatigue (hereinafter 





accumulated at the site of crack initiation. The most general method to present the test result is 
to plot a graph with the stress amplitude on the coordinate(y-axis) versus the logarithm of the 
number of cycles N to fatigue failure on the absicsa (x-axis). In the Wohler curve can be divided 
into three categories. 
 
• Region 1: When the number of cycles is small, is it an area of quasi-static 
fractures (N ≅ 103 cycles). 
• Region 2: The time area in which the stress amplitude decreases. This is the so-
called time strength with a limited lifetime. 
• Region 3: Approximately N ≥ 2× 106 cycles, the last area where the stress 
amplitude is constant, we are talking about the so-called unlimited service 
lifetime. 
For the area LCF and HCF, the service lifetime of the test specimens for uniaxial stress can be 
expressed using the Basquin relation.  
The life curve can be described as the dependence of the number of cycles to failure Nf on the 
stress amplitude  𝜎𝑎: 
                                                                     𝜎𝑎 = 𝜎𝑓
, (2𝑁𝑓)
𝑏
                                                        (2.7) 
Where 𝜎𝑓
,
 is the fatigue strength coefficient and b is the fatigue strength exponent. 
 
2.3 STRAIN BASED APPROACH   
The strain-based approach to fatigue considers the plastic deformation which will occur 
in localized regions where fatigue cracks begin, such as at beam edges and stress raisers, 
stresses and strains in such region are analyzed and used because the basis for all times 
estimates. This procedure permits detailed consideration of fatigue situations where local 
yielding is involved, which is usually the case for ductile metals at relatively short lives. The 
method, however the approach also applies where there is little plasticity at long lives, so that 





And another important curve characterizing the uniaxial stress in during cyclic loading in the 
LCF is the Manson-Coffin curve. The Manson-Coffin independently expressed by the 
relationship between the amplitude of plastic deformation and the number of cycles to failure. 
                                                                       𝜀𝑎𝑝 = 𝜀𝑓
, (2𝑁𝑓)
𝑐
                                                      (2.8) 
Where 𝜀𝑓
,  is the fatigue ductility coefficient, which is the given by extrapolation of  𝜀𝑎𝑝 in the 
first load cycle (2Nf =1) and c is the fatigue ductility exponent. 
Depending on the amplitude of the total deformation of the ɛac and the lifetime of the 
component, it is possible to express relation among total strain amplitude 𝜀𝑎𝑐 and fatigue life 
Nf number of cycles. 









                                (2.9) 
 
                                 Figure 3 Relation between strain amplitude and fatigue life [4] 
 
For elastic strain amplitude 𝜀𝑎𝑒  Basquin relation is valid. 
In the logarithmic coordinates are the Manson-Coffin and Basquin curves are displayed as a 
straight line. At their intersection, there is a transient number of cycles of 2NT is reached, 
which separated the fatigue region with predominant plastic deformation from the region with 





3. FATIGUE DAMAGE PHASE 
Fatigue fracture is the result of crack initialization, which leads to further crack 
propagation to materials limit state. These phases can be divided into four groups. 
➢ Change in the mechanical properties of the materials. 
➢ Crack initiation  
➢ Crack propagation. 
➢ Ultimate failure. 
 
Figure 4 Stages of Fatigue Damage [3] 
                                                      
The different stages of life do not have set boundaries, so there may be an interweave in the 
individual phase. 
 
3.1 CHANGE IN THE MECHANICAL PROPERTIES OF THE 
MATERIALS 
During cyclic loading, where the stress and strain deformation exceeds the yield strength 
of the materials limit, there are changes in the properties of the material, both mechanical and 
physical. The change in the mechanical properties of the material is manifested by changes in 
the hysteresis loops. The peaks of individual hysteresis loops at different values of stress 






Figure 5 Steady-State Cyclic Deformation Curve [4] 
                                   
Throughout the whole range, we approximate this curve using the relation. 
                                                      𝜎𝑎 = ?́?𝜀𝑎𝑝
?̇?                                                     (3.1) 
Where Kˈ is the strength coefficient and nˈ is the strain hardening exponent. Further 𝜎𝑓
,
 it 
expresses the fatigue strength coefficient and ɛ𝑓 
,
is the fatigue ductility coefficient. This 
relationship also determines the dependence of the stress amplitude on the plastic deformation. 
This can be used for a stable hysteresis loops see Figure:6. Where the height of the hysteresis 
loop is become twice the values of the amplitude of stress and the width of twice the amplitude 
of plastic deformation.   
  
                                                     Figure 6 Steady Hysteresis Loop [4] 





This hysteresis loop only applies to uniaxial stress. For our case multiaxial stress, it is necessary 
to choose the suitable multiaxial criteria to determine the prediction of life, which will be 
discussed about chapter 5. 
According to the method of stress the tested specimens and their response to cyclic stress, we 
divided them into two idealized states. 
• Constant Strain Range △ɛ=const. 
• Constant Stress Range △σ=const. 
 
3.1.1 CONSTANT STRAIN RANGE △ɛ = Const 
Constant strain range, is also referred to as hard loading. This idealized state was used in 
our testing of specimens at the LCF. 
 
Figure 7 Hard Loading [4] 
                                                                      
In the case of LCF under hard loading, the behavior of the material is characterized by a closed 
hysteresis loop, which during the first load cycle is a characteristic of the stress-strain 
dependence taken according to a static curve see Figure:8. Then shows the calculation of the 
total deformation ɛac. 















During further loading of the material, the mechanical properties are change, namely either 
hardening or softening. Therefore, this cyclic curve will be above the static curve.  
 
 
Figure 8 Cyclic Hardening [4] 
                                                     
Otherwise, the stress amplitude decreases, and therefore this cyclic curve is below static curve. 
 





Experiments have shown that materials that are pre-reinforced undergo cyclic softening during 
the fatigue process. On the conversely, soft materials are cyclically reinforced during the 
fatigue process.  
 
3.1.2 CONSTANT STRESS RANGE △σ = Const 
Constant stress range is referred to as soft loading. For our case, this condition was 
unusable, so we will not discuss it further. 
The most important factor in both idealized states is the component of mean stress σm. If 
this component is equal to zero, both cases described leading to the same lifetime for using the 
same empirical formula. However, if the mean stress is non-zero, there ratchening will occur. 
This leads to a significant impact on service life and is inadmissible for dimensioned structures.  
 
3.2 CRACK INITIATION  
Crack initiation, where in a small crack forms at some point of high-stress concentration. 
Fatigue crack initiation occurs mainly on the surface of the test specimen than inside. Cracks 
associated with fatigue failure almost always initiate on the surface of a component at some 
point of stress concentration. Let us distinguish three types of initiation of crack. The first type 
is fatigue slip zones. The second type is the boundaries of crystalline grain, which limit the 
continuity of deformations and apply at higher temperatures. The third type of initiation site is 
the boundary between the matrix and the non-metallic inclusion. The most common nucleation 
zones are slip zones, the formation of which usually also precedes nucleation near the grain 
boundaries and in the range of non-metallic inclusion and the matrices. If there is a slip in one 
slip plane of the crystalline steel grain, it will be strengthened so that another slip occurs in the 
adjacent plane. On the surface of a cyclically loaded specimen, so-called intrusion and 
extrusion occur Figure:10, which end on the fatigue slip zones on the surface of the part. The 







                                                  Figure 10 Formation of Intrusion and Extrusion [6] 
                                             
3.3 CRACK PROPAGATION 
Crack propagation is a process in which this crack grows in size with each stress cycle. 
In the site of the largest accumulation of microcracks, they are combining into longer cracks, 
following the slip planes of the individual grains in a direction perpendicular to the direction 
of the principal stress. After reaching a sufficient length, the microcracks begin to spread to the 
depth of the specimen below the surface. The resulting microcracks continue to grow until due 
to the uneven distribution of stress and strain, some of the cracks become a controlling crack. 
This crack will then grow on a large part of the specimen, while the remaining cracks 
suppressed their growth.[5] 
 





3.4 FINAL FAILURE 
The last phase of fatigue damage is the final sudden fracture. The nature of this fracture 
varies according the operating temperature and also the resistance of the materials to brittle 
fracture. 
 
Figure 12  Final Failure [8] 














4. MULTIAXIAL FATIGUE 
In real parts of machines and steel structures, there is a stress of multiaxial, which can 
lead to the emergency situations. Problem of multiaxial loading are at technical practice for 
example – combined loading tension and torsion, bending and torsion, pressure vessel and 
similarly. 
From this situation stress tensor definition is valid  
For 2- dimensional (plane problem) 
                                               Tσ = [
𝜎𝑥 𝜏𝑦𝑥
𝜏𝑥𝑦 𝜎𝑦
]                                                               (4.1) 
Where σx, σy, and τyx are the time dependence variables.  
For combined loading the tension and torsion, where σx= σt, σy = 0 and 𝜏𝑥𝑦= 𝜏𝑡.  
             We receive                        Tσ = [
𝜎𝑥 𝜏𝑦𝑥
𝜏𝑥𝑦 0
]                                                                   (4.2) 
Similarly strain tensor is defined 






















                                                               (4.3) 
 
For tension and torsion combined loading we will receive 
γxz = γyz= 0 
ɛy = ɛz = -νef.ɛx  
                               




]                                            (4.4) 





A specimen used for the multiaxial fatigue test for tension-torsion is shown schematically in 
Figure:13. The applied strain could also be given by the following strain tensor under strain-
controlled loading conditions.[10]  
 
 
Figure 13 Strain state of the Tension-Torsion Specimen [9] 
                                                                                    
If the applied loading is sin wave, i.e. 
                                            ɛx = ɛa sin ωt                                                                  (4.5) 
                                           γxy = γa sin(ωt-φ)                                                            (4.6) 
Where  
ɛa – Normal strain amplitude, 
γa – Shear strain amplitude, 










4.1 STRESS COMPONENT ON INCLINED PLANE 
        The normal and shear strains on the plane that form an angle α with the specimen axis are 
expressed as. 
 
Figure 14 Strain Transformation and Inclined Plane with Similarly 
From this figure we can determine[10] 






 ɛx cos 2α+ 
1
2
 γxy sin 2α                               (4.7) 
                                       γα = - (1+ν) ɛx sin 2α+ γxy cos 2α                                      (4.8)  
Where ɛx and γxy are the axial and shear strain, respectively, νeff is the effective Poisson’s 
ratio. Which is given by 
                                          νeff = 0.5 – 
(0.5−𝜈𝑒)Δ𝜎𝑒𝑞
𝐸Δ𝜀𝑒𝑞
                                                    (4.9)      
where νe is the elastic Poisson’s ratio, E is the elastic modulus, △σeq and △ɛeq are the Von-
Mises equivalent stress and strain ranges, respectively. 




 ɛa {[2(1+ν)cos2α- 2ν + λ sin 2α cos φ]2+[λ sin 2α sin φ]2}1/2sin(ωt – ξ)                (4.10)  







                          ξ = arctan{ λ sin 2α sin φ/[(1+ν) cos 2α]+[(1-ν) +λ sin 2α cos φ]}          (4.12)                               
                               η = arctan{-λ cos 2α φ/[λ cos 2α cos φ – (1+ν)sin 2α]}                      (4.13)                                     
                                                               λ = γa/ɛa                                                                                   (4.14)                                                                 
γ is differentiated in relation to α which gives the maximum or minimum value of angle α for 
the shear strain.  
                                                                       
𝜕𝛾𝛼
𝜕𝛼
= 0                                                                 (4.15)                                                                               
After we will receive 
                                αm = 
1
4
 arctan [2λ(1+ν) cos φ]/[1+ν)2-λ2]                                       (4.16) 
By replacing equation (4.16) into equation (4.10) and (4.11) the differential function for the 
maximum value γmax by the shear strain and normal strain ɛn on the maximum shear plane is 
configured by. 
                                             γmax(t) = γmax sin(ωt + η)                                                        (4.17) 
                                                  ɛn(t) = ɛn sin(ωt + ξ)                                                          (4.18) 






 .  
From the technical practice two basic problem exist  
➢ Proportional Loading 










4.1.1 PROPORTIONAL LOADING 
         The direction of the principal stresses is constant during the loading cycle. From this 
reason phase angle among normal strain ɛ and shear strain γ components are zero. 
Phase angle φ=0 
 
                                        Figure 15 Proportional Loading- for Specimen C3 
4.1.2 NON-PROPORTIONAL LOADING 
         The principal axes rotate during cyclic loading, non-zero phase angle exists among 
normal strain ɛ and shear strain γ components. This figure:16 shows non-proportional loading 
cases H -Phase angle φ=45°.   
 






Part of the diploma thesis was the examination of a specimen of aluminum alloy 
AA2124-T851. Specimens were cyclically loaded by combination push-pull and torsion at the 
LCF with phase shifts φ between the component tensile and shear, so it was a non-proportional 
load. One test took place at proportional stress by a combination of push-pull and torsion, so 
the phase shift was zero. Depending on the magnitude of the phase shift, 5 different load 
trajectories were created. Eight specimens were tested in each trajectory. Some of the above 
were applied to selected specimens’ multiaxial criteria with the calculation of the life of the 
specimens and a comparison with the experiment.  
The chemical composition of this aluminum alloy and monotonic mechanical properties are 
shown in Table 1, and 2 respectively. 
                          
                Table 1 Chemical Composition of the Aluminum Alloy AA2124-T851(%) 
    Si     Fe    Cu    Mn    Mg     Cr    Zn    Ti 
    0.2     0.3    4.9     0.9    1.8     0.1    0.25    0.15 
                      
 
Tensile strength             σu (MPa)                  473 
Yield strength             Ye (MPa)                  435 
Young modulus              E (GPa)                  206 
Poisson’s ratio              ν (-)                  0.3 
Shear modulus              G (MPa)                44965 









5.1 DESCRIPTION OF THE TEST SPECIMEN 
Testing of Low-cycle fatigue specimen under proportional and non-proportional loading 
took place on a testing machine. The hollow cylindrical pattern with an outer diameter of 
12.5mm and an inner diameter of 10mm was used. The cycle properties obtained by fitting the 
test results are shown in Table 3. The geometry and dimension of the specimen are shown in 
Figure: 17. 
 
                                   Figure 17 Specimen Geometry for Biaxial Cyclic Push-Pull and Torsion  









Cyclic Properties Push-Pull Torsion 
Young modulus E[MPa] 65540 𝐺[MPa] 26700 
Strength coefficient 𝐾′[MPa]        646 𝐾𝛾
′[MPa]        406 
Fatigue strength coefficient 𝜎𝑓
′ [MPa] 611 𝜏𝑓
,  [MPa] 400 
Fatigue ductility coefficient 𝜀𝑓
′  [−] 0.529 𝛾𝑓
,  [−] 0.875 
Fatigue strength exponent 𝑏 [−] -0.063 𝑏𝛾 [−] -0.0978 
Fatigue ductility exponent 𝑐[−] -0.706 𝑐𝛾 [−] -0.874 
Strain hardening exponent 𝑛′[−] 0.0892 𝑛𝛾
′ [−] 0.111 
                                                                   Table 3 Cyclic Properties of AA2124-T851                  
5.2 TEST RESULT 
      
 





5.2.1 SPECIFY LOADING PATHS 
 
Figure 19 Multiaxial Fatigue Loading Paths [11] 
 
                                
5.3 DETERMINATION OF FATIGUE LIFE-UNDER MULTIAXIAL    
STRESS- STRAIN BEHAVIOUR 
         Fatigue under multiaxial loading where the plastic deformations occur is currently an area 
of active research. For reasonable estimates are possible for relatively simple situations, but 
there is some uncertainty exists as to the best procedure for complex non-proportional loadings, 
where the ratios of the principal stresses change, and where the principal axes may also rotate. 
Given this situation, the discussion that follows first considers some simple, but limited 









5.3.1 EFFECTIVE STRAIN APPROACH 
The fatigue for multiaxial loading is postulated to depend on the value of this effective 
strain amplitude for uniaxial loading 









                                                       (5.1)                   
where the first and second terms correspond to elastic and plastic strain components. 
This approach was used for loading case A 
                                           
5.4 CRITICAL PLANE APPROACH 
        This critical plane approach is valid for proportional loading and non-proportional 
loading to a significant degree. In such an approach, stresses and strains during cyclic loading 
are determined for different orientations (planes) within the material, and therefore the stresses 
and strains acting on the foremost severely loaded plane are wanted to predict fatigue failure.  
 
                                                                  Figure 20 Critical Plane 
Damage parameter on the critical plane can be a shear strain, normal strain, and normal stress 
for individuals loading cases see figure:21,22and23. It is seen that γmax and ɛn are the figure:(21) 
in-phase, and the amplitude of 𝜀𝑛
∗  is smaller. And figure:22 and figure:23 is the relation for the 
phase angle conditions φ = 45° and φ = 90°, respectively under the same equivalent strain 
applied. It may be seen that the change for the amplitude of γmax is not large, but the amplitude 






                                                        Figure 21 in-Phase Loading                                                                                    
    
                                                   Figure 22 45°out-of-Phase Loading                      
         
                                                    Figure 23 90°out-of-Phase Loading                                                       





From the figure: 21, 22 and 23 is the varying characteristic of the shear strain and the normal 








From the figure:24,25 and 26 is an evident variation of damage parameter on the critical plane 
(valid for specimens C3 -proportional, H3- phase angle 45°= 
𝜋
4
  degrees, G3 -90°= 
𝜋
2
  degrees). 
(A)  
                          
Figure 24 Variation of Shear Strain on Critical Plane 
(B) 
      
Figure 25 Variation of Normal Strain on Critical Plane 






                   
Figure 26 Variation of Normal Stress on Critical Plane 
                                                    
5.5 CRITICAL PLANE STRAIN APPROACHES  
        The critical plane approach usually utilizes the maximum shear plane as the critical 
damage plane. γmax and ɛn on the critical plane are used to make the two basic parameters 
forming the fatigue damage parameter. 
 
5.5.1 BROWN- MILLER CRITERION 
         In this model, the critical plane in which the maximum value occurs is taken from shear 
deformation. The Brown-Miller criterion is described by the relation.[9] 
 












                                                    (5.2) 
Where △γmax is the maximum shear strain range. G is the shear modulus of elasticity, 𝜏𝑓
,
 shear 
fatigue strength coefficient, 𝛾𝑓
,
 shear fatigue ductility coefficient, respectively and 𝑐𝛾  torsion 
fatigue ductility exponent and 𝑏𝛾 are the torsion fatigue strength exponent. Nf shows the 






                          Figure 27 a) Mohr's Circle for Stress and b) Mohr's Circle for Strain                     
This approach was used for specimen B, C, G, and H 
      
5.5.2 KANDIL-BROWN-MILLER CRITERION 
         It is like the Brown-Miller criterion, which includes the components of normal as well as 
shear deformation. The criterion is expressed by the relation.[12]  











= 𝑓(𝑁𝑓)                                                   (5.3) 
Where △γmax is the maximum shear strain range. S is the material constant, which expresses 
influence ɛn to crack growth and is determined from tensile torsion test and the △ɛn is range of 
normal strain at the critical plane. To determine the lifetime, the expression of the Kandil-
Brown-Miller criterion can be written in the form. 




















                                     (5.4) 
Where G is the shear modulus of elasticity, 𝜏𝑓
,
 shear fatigue strength coefficient, 𝛾𝑓
,
 shear 
fatigue ductility coefficient, respectively and 𝑐𝛾 shear fatigue ductility  exponent, 𝑏𝛾 shear 






5.5.3 WANG-BROWN CRITERION 
       This criterion was created by modifying the Kandil-Brown-Miller criterion to include the 
effect of mean stress.[13]  
 






+ 𝑆∆𝜀𝑛 = 𝑓(𝑁𝑓)                                                    (5.5) 
Fatigue life of specimen can then be determined from the following relationship: 
 
         
∆𝛾𝑚𝑎𝑥
2









                                           (5.6) 
 
where 𝜎𝑛𝑚 is the normal mean stress on the critical plane and constants A and B are the 
expressed using a relationship (5.7,5.8) 
                                                  A = 1.3+0.7S                                                               (5.7)                       
                                                          B = 1.5+0.5S                                                               (5.8) 
 
5.5.4 SHANG-WANG CRITERION 
It is based on the Manson-Coffin relation, where the values of strain amplitude and effect 
of normal stress are considered according to the hypothesis for use in multiaxial loading. This 
criterion is rather applicable in the case of proportional or in-phase loading. When applied to 
non-proportional loading, this criterion gives us distorted values.[10]  
 
























5.6 STRESS- STRAIN APPROACHES OF THE CRITICAL PLANE 
       The use of those criteria is both for the Low-cycle fatigue but also for the High-cycle 
fatigue in contrast to the strain criteria. The most member of the strain-stress criteria is that the 
strain as a control element and only after that the stress. Mean normal stress can play a large 
role within the lifetime of a component, and therefore its effect is included. The decisive factor 
is the direction of this stress on the critical plane. 
 
5.6.1 FATEMI-SOCIE CRITERION 
        The Fatemi-Socie criterion is one of the most widely used and has great application for 
the shear damage model. The formulation of this criterion is as follows.[13][14] 






) = 𝑓(𝑁𝑓)                                                      (5.10) 
Where △γ is the maximum shear strain range, k is representing the material constant the 
determined from tensile and torsional test data, k=0.4,1.0 and 0.2 and σn,max is the maximum 
normal stress. σy is the material yield limit.  
To determine the life of the specimen equation can be written in the form (5.10) 
 













                                           (5.11) 
Where 𝜏?́?is the shear fatigue strength coefficient and 𝛾?́? is the shear fatigue ductility coefficient, 
and bγ and cγ are express the shear fatigue strength and shear fatigue ductility exponents, 
respectively and G is the shear modulus. 
 
5.7 ENERGY APPROACHES OF THE CRITICAL PLANE 
The criteria contained within the energy approach are based on the assumption that the 
decisive influence on the lifetime of the component has the total energy accumulated until the 
moment of fracture. For one load cycle, this energy corresponds to the area of the hysteresis 






5.7.1 SMITH-WATSON-TOPPER CRITERION 
In this tensile damage model, due to Smith-Watson-Topper for its the ability to account 
for the effects of cyclic hardening and softening. It predicts by the fatigue crack plane is the 
plane orientation with the maximum normal stress (the maximum principal stress). The S-W-
T criterion for multiaxial fatigue loading is based on the △ɛ1 maximum principal of strain range 
and σn,max is the maximum normal stress on the △ɛ1 plane. The Smith-Watson-Topper criterion 
is given in the form[15] 

















 is the fatigue strength coefficient, 𝜀𝑓
,
 is the fatigue ductility coefficient, and b, c is 
express the fatigue strength exponent and fatigue ductility exponent. 
 
5.7.2 LIU’S VIRTUAL STRAIN-ENERGY CRITERION 
         Liu developed a virtual criterion of the deformation energy, which may be a 
generalization of the axial energy on the idea of prediction of fatigue life. During this Criterion 
considers has two possible failure modes. The first mode for tensile failure, △W1 and the 
second mode for shear failure, △W2. The failure is predicted to occur on the material plane 
having the almost virtual strain-energy quantity. △W1 is calculated by firstly determining the 
plane on which the axial work is maximized and then adding the respective shear work on that 
same plane. And also, similarly △W2 is calculated by firstly determining the plane on which 
the shear work is maximized and then adding the respective axial work on that same plane. 
Criterion has the following form.[13]  
 
                               ∆𝑊𝐼 = (∆𝜎𝑛∆𝜀𝑛)𝑚𝑎𝑥 + (∆𝜏∆𝛾)                                                         (5.13) 










                                              (5.14)            
Similarly, ∆𝑊𝐼𝐼 is calculated by firstly determining the plane on which the shear work is 
maximized then adding the axial work thereon same plane. Eq: (5.15) and fatigue life are often 





                          ∆𝑊𝐼𝐼 = (∆𝜎𝑛∆𝜀𝑛) + (∆𝜏∆𝛾)𝑚𝑎𝑥                                                         (5.15) 










                                               (5.16)  
Where △σn and △ɛn are the normal stress range and normal strain range, respectively. △τ and 
△γ are the shear stress range and shear strain range, 𝜀𝑓
,  is the fatigue ductility coefficient 
and 𝜎𝑓
,  is the fatigue strength coefficient respectively, 𝜏?́?is the shear fatigue strength 
coefficient and 𝛾?́? is the shear fatigue ductility coefficient, and b, c is express the fatigue 
strength exponent and fatigue ductility exponent. 
 
5.7.3 CHEN’S CRITERION 
In the case of Chen’s criterion, is postulated that both normal and shear components of 
stress and strain on the critical plane contribute to the damage within the materials. For the 
material showing normal fracture, the almost maximum principal normal strain plane is taken 
into the critical plane, the fatigue criterion is given as follows[16][17]  
Normal fracture: 










                                     (5.17) 
For the shear mode failure, is the maximum shear strain plane is taken as the critical plane. The 
model is given by the following criterion. 
Shear fracture: 










                              (5.18)                                                     
In this equation (5.17,5.18) the density of deformation energy in the critical plane W is 
expressed, where △ɛ1max is the maximum principal strain range, and △σ1, △γ1 and △τ1 are 
respectively, the normal stress range, shear strain range, and shear stress range that occur on 
the maximum principal strain range plane. where △γmax is the maximum shear strain range, 
and △τ, △ɛn , and △σn are the respectively, shear stress range, normal strain range, and normal 






5.7.4 VARANI-FARAHANI CRITERION 
The Varani-Farahani is recommended as energy-based in the multiaxial fatigue 
parameter. The parameter is given by the sum of the normal strain energy and the shear strain 
energy measured on the critical plane where the stress and strain Mohr circles are the largest 
during the loading and the unloading parts of the cycle. The normal and shear energies in this 
parameter have been used to weight by the axial and shear fatigue properties, respectively. The 
proposed parameter takes into account the effect is the sum of the normal energy range and the 
shear energy range calculated for the critical plan.[18]  
The parameter is given by  




,  (△σn △ɛn) + 
(1+𝜎𝑛 /




,  ( △ 𝜏𝑚𝑎𝑥 △ (
𝛾𝑚𝑎𝑥
2
)) = 𝑓(𝑁𝑓)                              (5.19) 
Where the normal mean stress 𝜎𝑛 




 are the axial fatigue 




 are the 
shear fatigue strength coefficient and shear fatigue coefficient respectively, △τmax is the range 
of maximum shear stress and △(γmax/2) shear strain, respectively and △σn and △ɛn are the 
normal stress range and normal strain range. 
 
5.7.5 GLINKA CRITERION 
The Glinka has proposed a fatigue parameter by using the sum of strain energy density 
in the critical plane to be.[19]  










                                                       (5.20) 
Where the parameter W is representing the fraction of the strain energy composed of the 
stresses and strains on the critical plane. By considering the mean stress effect, a modified 
formulation associated with the critical plane was proposed by Glinka in the following form. 

















                    (5.21)                                       
Where 𝜎12
𝑚𝑎𝑥 and 𝜎22
𝑚𝑎𝑥 are the maximum absolute values of shear and normal stresses in the 





and torsional cyclic fatigue strength coefficients, respectively, ∆𝛾12 and ∆𝜎12 are the shear 
strain and shear stress ranges on the critical plane. 
 
5.7.6 PAN WEN-FANG CRITERION 
According to Pan Wen-Fang et al. (PHC) is changed the Glinka parameter and that 
suggested a parameter weighted by based on axial and shear fatigue properties.[15]  










                                                          (5.22) 
Where k1 is the weight constant and is given by 





                                                                                                                     (5.23) 
 The parameter is given by Equation:(5.19) and (5.20) yielded good correlation with the fatigue 
lives in their respective for a number of the materials. In view of Equation:(5.18) and 

























                               (5.24) 
For the PHC model, are 
























          (5.25) 
Where k2 is the weight constant and is given by 





                                                                                                                   (5.26) 
Where k1 = ?́?𝑓/𝜀?́? and k2 = ?́?𝑓/?́?𝑓  are two weight constants for strain and stress amplitudes, 










6.RESULTS OF INDIVIDUALS APPROACHES AND          
COMPARISON WITH EXPERIMENT  
6.1 LOADING CASE A-PUSH PULL 
 
                                                                           Figure 28 Push-Pull 
 
 
Figure 29 Predicted versus Experimental for Push-Pull 
Eight specimens were used for case A-Push-pull loading. For this situation, Manson-
Coffin equation was used. Comparison with the experiment-see figure:29. This method gives 
good results only for smaller fatigue life, for larger fatigue life some scatter exists. It should be 






6.2 LOADING CASE B-PURE TORSION 
 
                                                                       Figure 30 Pure Torsion 
 
Figure 31 Predicted versus Experimental for Torsion       
Eight specimens were used for case B-Pure torsion loading. For this situation, Brown-
Miller equation was used. Comparison with the experiment- see figure: 31. A good correlation 













6.3 LOADING CASE C – PROPORTIONAL LOADING                                               
 
                                                                 Figure 32 in-phase 
For this proportional loading effort to verify the proposed model is following methods 
were used. BM, WB, KBM, FS and SWT models were conducted and the experiments were 
carried out under various loading. The loading history and loading path under proportional 
loading for the fatigue tests.  
 
 
Figure 33 Predicted versus Experimental for Proportional Loading  
Eight specimens were used for case C-Proportional Loading. Several methods were used for 
this situation – see figure:33. After starting some different loading cases and comparison with 
the experiment the number of cycles to failure for different models of the loading damage. The 





6.4 LOADING CASE G- OUT-OF-PHASE ANGLE 90°, NON-
PROPORTIONAL LOADING  
 
                                                                Figure 34 out-of-phase angle 90° 
For this non-proportional loading effort to verify the proposed model is following 
methods were used. BM, WB, KBM, FS and SWT models were conducted and the experiments 
were carried out under various loading. The loading history and loading path under out-of-
phase angle 90° non-proportional loading for the fatigue tests.  
 
 
                           Figure 35 Predicted versus Experimental for 90° Non-Proportional Loading 
Eight specimens were used for case G- out-of-Phase angle 90° non-proportional loading. 
Several methods were used for this situation–see figure:35. After starting some different 
loading cases and comparison with the experiment the number of cycles to failure for different 






6.5 LOADING CASE H- OUT-OF-PHASE ANGLE 45°, NON-
PROPORTIONAL LOADING  
 
                                                               Figure 36 out-of-phase angle 45° 
For this non-proportional loading effort to verify the proposed model is following 
methods were used. BM, WB, KBM, FS and SWT models were conducted and the experiments 
were carried out under various loading. The loading history and loading path under out-of-
phase angle 45° non-proportional loading for the fatigue tests.  
 
                          Figure 37 Predicted versus Experimental for 45° Non-Proportional Loading 
Eight specimens were used for case H- out-of-phase angle 45° non-proportional loading.  
Several methods were used for this situation–see figure:37. After starting some different 
loading cases and comparison with the experiment the number of cycles to failure for different 








The diploma thesis addressed the issue of predicting the life of components at multiaxial 
fatigue. The aim of this work was the determination of fatigue life of some specimens for 
different loading cases and comparison with the experiment. A low-cycle fatigue damage 
model applied to multiaxial loading of thin-walled tubes was proposed. The proposed fatigue 
damage model was based on the critical plane concept, and the equivalent strain was made with 
the maximum shear range △γmax, the normal strain range △ɛn, and the maximum normal stress 
σn,max. The normal strain excursion between adjacent turning points of the maximum shear 
strain on the critical plane is an important parameter affecting multiaxial fatigue damage. And 
analyses indicate that ɛn and γmax are in-phase under proportional loading and they are out-of-
phase under non-proportional loading. Every multiaxial criterion applied to the fatigue lifetime 
calculation of aluminum alloy AA2124-T851 and also values of the number of cycles to failure 
from experiments increases with decreasing strain amplitude continuously in the cycles of 
number region.  
The further stress-strain approach was used for the determination of fatigue life. For this 
situations, Fatemi-Socie parameter reasonably good results estimated from proportional and 
non-proportional loading. The Wang-Brown parameter is found to be somewhat conservative 
for proportional loading. Further energy approach was used for determination of fatigue life. 
For this situation, the Smith-Watson-Topper parameter, known to be more suitable for normal 
fracture materials, has relatively good performance for pure torsion and torsion-dominant strain 
paths. The prediction of service life is also influenced by fatigue parameters, which were 
expressed for selected types of load paths by using calculations in Mathcad Software and 
Microsoft Excel Software. The result values are shown in Annexures. 
The goal of this thesis is the determination of fatigue life in multiaxial fatigue loading. The life 
prediction model was established by the proposed multiaxial fatigue damage parameter. The 
results have been shown that the critical plane criterion gives a good correlation of multiaxial 
fatigue damage parameter can be used for various proportional and non-proportional loading 
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LIST OF ANNEXURES 
Appendix 1     Mathcad calculation values for loading case A-Push-Pull using the method               
by Manson-Coffin equation was used. 
Appendix 2        Mathcad calculation values for loading case B-Pure Torsion using the method 
by Brown-Miller equation was used.  
Appendix 3      Mathcad calculation values for loading case C-Proportional loading using the 
method by BM, WB, KBM, FS and SWT equation was used. I have attached a Mathcad 
calculation for each method and, I have an several calculations for different specimens, Here I 
will show the calculation result of one specimen of each method from the Mathcad. And also 
list out the resultant value of every calculation methods of each specimens. 
Appendix 4    Mathcad calculation values for loading case G- out-of-Phase angle 90° Non-
Proportional Loading using the method by BM, WB, KBM, FS and SWT equation was used. I 
have attached a Mathcad calculation for each method and, I have an several calculations for 
different specimens, Here I will show the calculation result of one specimen of each method 
from the Mathcad. And also list out the resultant value of every calculation methods of each 
specimens. 
Appendix 5    Mathcad calculation values for loading case H- out-of-Phase angle 45° Non-
Proportional Loading using the method by BM, WB, KBM, FS and SWT equation was used. I 
have attached a Mathcad calculation for each method and, I have an several calculations for 
different specimens, Here I will show the calculation result of one specimen of each method 











Appendix 1     Mathcad calculation values for loading case A-Push-Pull  
        







Appendix 2       Mathcad calculation values for loading case B-Pure Torsio
                 Torsion 
      
 







Appendix 3      Mathcad calculation values for loading case C-Proportional    
Proportional    Proportional Loading 
[1] Brown-Miller method using specimen for C1 
 








[3] Kandil-Brown-Miller method using specimen for C1 
 








[5] Smith-Watson-Topper method using specimen for C1 
 






Appendix 4    Mathcad calculation values for loading case G- out-of-Phase 
angle 90°       angle90° Non-Proportional Loading 
[1] Brown-Miller method using specimen for G1 
 








[3] Kandil-Brown-Miller method using specimen for G1 
 







[5] Smith-Watson-Topper method using specimen for G1 
 






Appendix 5    Mathcad calculation values for loading case H- out-of-Phase 
angle 45°        angle 45° Non-Proportional Loading 
[1] Brown-Miller method using specimen for H1 
 








[3] Kandil-Brown-Miller method using specimen for H1 
 









[5] Smith-Watson-Topper method using specimen for H1 
 
Overall Result from Predicted versus Experimental for Non-Proportional Loading 45° 
 
